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Momentum subtraction schemes are interesting because they provide regularization independent renormalization methods which can be used non-perturbatively, contrary to the popular MS schemes based on the dimensional regularization. Realized on the lattice, momentum subtraction schemes eliminate the need for lattice perturbation theory which has proved to be complicated and not very accurate. Usefulness of these schemes is exemplified in the non-perturbative renormalization of operators [1] which becomes widely used by now in the lattice approach.
In this paper we determine the three-loop running in an asymmetric momentum subtraction scheme, compare with our high statistics numerical results for α s and extract the value for the Λ MS parameter. In section 1, we recall the definitions of the MOM renormalization scheme and define g MOM , a coupling constant convenient for lattice studies [2, 3] . In section 2, we give the relation between this coupling constant and some quantities computed in the MS scheme in ref. [4] . In section 3, we extract the three-loop coefficient of the beta function in the MOM scheme and in section 4, we give our results for the coupling constant and the Λ MS parameter.
1 Definition of the coupling constant in the MOM scheme
In this section, we suppose that we are able to compute or measure in some way the two-and three-point gluonic Green functions and define a convenient coupling constant. When one of the momenta is equal to zero, the Lorentz structure of the threepoint Green function, G
abc µνρ (p, −p, 0), can depend a priori on four tensors : δ µν p ρ , δ µρ p ν , δ νρ p µ and p µ p ν p ρ . In Landau gauge, only one possibility is left by the transversality conditions and we can write :
for the bare Green function. Note that only the completely antisymmetric group structure functions f abc can appear in this expression : the Bose symmetry of the three point function, i.e. the symmetry over p ↔ −p, µ ↔ ν and a ↔ b, combined with the oddness of the Lorentz tensor when p ↔ −p forbids terms with the symmetric color structure d abc . The bare two-point Green function in Landau gauge writes :
The scalars functions G (3) and G (2) can be extracted from the Green functions with :
The wave function renormalization for the gluon, Z
MOM
, and the renormalized coupling constant in the MOM scheme are then defined by:
where µ is the renormalization scale. The interpretation of eqs. (4-5) is standard : the momentum scheme fixes the renormalization constants so that the two-and three-point functions take their tree values with the substitution of the bare coupling by the renormalized one. In the usual MOM scheme, one chooses to work at the symmetric Euclidean point p
Here the MOM scheme is defined from an asymmetric point, when one of the momenta is equal to zero.
Connection with MS calculations
In ref. [4] , the two-and three-point Green functions have been computed at twoloop with the dimensional regularization in an arbitrary covariant gauge. They define the (bare) form factors from the (bare) vertex function:
At zeroth order in perturbation theory, T 1 = 1 and T 2 = 0.
If we restrict to Landau gauge and insert these form factors into the definition (5) for the coupling constant in the MOM scheme, we get :
where g 0 is the bare coupling constant and a common scale, µ 2 , has been chosen for the renormalization point used to define g MOM and for the dimensional regularization. To renormalize in the MS scheme, renormalization constants and a renormalized coupling constant have to be introduced. The definitions are:
where the suffix MS indicates renormalized quantities in the MS scheme. Z 1 and Z 3 are the renormalization constants in the MS scheme; they are defined in the usual way to remove the 1/ǫ j singular terms present in the bare quantities. From (8) we get T 1 MS = Z 1 T 1 and T 2 MS = Z 1 T 2 and from the definitions (4) and (9) :
Collecting everything, the relation between the MOM coupling constant and MS quantities is:
where
3 The three-loop β function in the MOM scheme
The β function in the MOM and MS schemes are defined by :
From [4] , the perturbative expansions for the gluon propagator and the form factors T 1 MS and T 2 MS are known up to two loops in any covariant gauge. Eq.(12) can then be written as :
with known coefficient a and b. This gives a relation between the β functions :
Using eq. (14) and the definitions (13), we can expand (15) in power of α MS and identify the terms with the same power; we get : 
. Finally, the three-loop β function in the MOM scheme and Landau gauge is found to be:β
where ζ 3 ≃ 1.2020569... is the value of the Riemann's zeta function and N f is the number of flavor.
Λ
MS from α
MOM
The implementation of the MOM scheme on the lattice is straightforward [2, 3] .
Varying the external momentum, the MOM coupling constant can be obtained directly in one simulation for several values of the scale µ 2 . In ref. [3] , the two-and three-point Green functions have been measured on the lattice in Landau gauge with high statistics and for several lattice spacings and volumes in the flavorless case. For large values of the momentum, lattice artifacts of O(a 2 p 2 ) affect the Green functions. These effects are seen to decrease when β increases. In fact, on the lattice, the gauge fixing algorithm leads to the relation
)A µ (p) = 0 while p µ A µ (p) does not vanish. And actually we have seen [3] that the dominant part of O(a 2 p 2 ) artifacts is corrected by the substitution of the momenta p µ by the lattice momenta ) in eqs. (1) and (2). We give here some results from the three-loop analysis, see [3] for details on the lattice settings. In Fig.1, we give the behavior of the coupling constant, α
, as a function of the scale µ obtained from the simulation and compared with the three-loop running. A nice scaling is apparent for scales larger than 2 GeV. Another way to exhibit the scaling is to extract a Λ parameter as a function of the scale and look for a plateau at high scale. Let us then consider the expansion of the MOM β function truncated at three-loop. It can be integrated exactly and to give :
where ∆ ≡ 2β 0β2 − 4β 
For each value of the scale µ, there is a corresponding α To calibrate the lattice at β = 6.2, we have used the value for the the lattice spacing which has been measured recently with a non-perturbatively improved action (free from O(a) artifacts) [7] . The measured value is : a −1 (β = 6.2) = 2.75(18) GeV. Other lattices have been calibrated relatively to the one at β = 6.2 with the results for a √ σ, the string tension in lattice units, published in [8] . We took: a −1 (β = 6.0) = 1.97 GeV, a −1 (β = 6.2) = 2.75 GeV and a −1 (β = 6.4) = 3.66 GeV.
The value of the plateau gives our "measurement" for the flavorless Λ 
